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Abstract 

This paper, the third in a series of eight introduces some of the 
basic concepts of the theory of extensors needed for our formulation 
of the differential geometry of smooth manifolds . Key notions such as 
the extension and generalization operators of a given linear operator 
(a (1, l)-extensor) acting on a real vector space V are introduced and 
studied in details. Also, we introduce the notion of the determinant 
of a (1, l)-extensor and the concepts of standard and metric Hodge 
(star) operators, disclosing a non trivial and useful relation between 
them. 
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1 Introduction 

In this paper, the third in a series of eight dealing formulation of the differen- 
tial geometry of smooth manifolds with Clifford (geometric) algebra methods 
we recall some basic notions of the theory of extensors thus completing the 
presentation of the algebraic notions necessary for the remaining papers of 
the series. Here, in Section 2 we introduce A;-extensors and {p, g)-extensors. 
Section 3 deals with projector operators. Section 4 introduces the key con- 
cept of the extension operator (or exterior power operator) of a given linear 
operator t (i.e., a (1, l)-extensor) on a real vector space V. In section 5 
the standard and metric adjoint operators are recalled as extensor operators. 
Section 6 introduces the generalization operator of t, an important concept in 
our formulation of the differential geometry of arbitrary (smooth) manifolds 
which is presented in sequel papers of this series. Section 7 introduces the 
concept of the determinant of a (1, l)-extensor and Section 8 shows through 
some applications the concept of extensors in action. There, the standard 
and metric Hodge operators are introduced and an explicit formula connect- 
ing them is derived. Moreover, another important formula is derived which 
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relates the metric Hodge operators corresponding to two distorted metric 
structures on V. In Section 9 we present our conclusions. 

2 General A:-Extensors 

Let /\^V, . . . , /\^ V he k subspaces of /\V such that each of them is any sum 
of homogeneous subspaces of /\ V, and /\* V is either any sum of homogeneous 
subspaces of /\ y or the trivial subspace {0}. A multilinear mapping from 
the cartesian product Ai ^ ^ ' ' ' ^ Afc ^ A* ^ '^ill be called a general 
/c-extensor over V, i.e., t : /\^V x ■ • ■ x Afc ^ ^ A* ^ ^^ch that for any 
aj,a'j e M and Xj,X'j e AJ V, 

t{..., ajXj + a'jX'j, . . .) = ajt{. ..,Xj,...) + a% . . , Xj, . . .), (1) 

for each j with \ < j < k. 

It should be noticed that the hnear operators on V, f^V oi /\V which 
appear in ordinary linear algebra are particular cases of 1-extensors over V. 
Note also that a covariant fc-tensor over V is just a /c-extensor over V. On 
this way, the concept of general A;-extensor generalizes and unifies both of the 
concepts of linear operator and of covariant /c-tensor. These mathematical 
objects are of the same nature! 

The set of general A;-extensors over V, denoted by k-ext{/\\ V, . . . , /\lV; /\'^ V), 
has a natural structure of real vector space. Its dimension is clearly given by 

o o o o o o 

dimk-ext{/\V, . . . , /\V] /\V) = dim/\ y • • • dim/\ y dim/\ 1/. (2) 

Ik Ik 

We shall need to consider only some particular cases of these general k- 
extensors over V. So, special names and notations will be given for them. 

We will equip V with an arbitrary (but fixed once and for all) euclidean 
metric Ge, and denote the scalar product of multivectors X.Y E /\V with 
respect to the euclidean metric structure (V, Ge), X ■ Y instead of the more 
detailed notation X ■ Y. 

Ge 

Let {cj} be any basis for V, and {e-^} be its euclidean reciprocal basis for 
V, i.e., ej ■ = 6j. 
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2.1 g')-Extensors 

Let p and q be two integer numbers with < p, g < n. A linear mapping 
which sends p- vectors to g- vectors will be called a (p, q)- extensor over V. The 
space of these objects, namely l-ext{/\^ V\ y), will be denoted by ext^(y) 
for short. By using Eq.© we get 

dimea;t^(y)=(^)Q. (3) 

For instance, we see that the (1, l)-extensors over V are just the well- 
known linear operators on V. 

The (p) (p extensors belonging to ea;t^(y), namely £-Ji----?P''=i - '=9j defined 

by 

define a (p, g)-extensor basis for exf^iV). 

Indeed, the extensors given by Eq.(@]) are linearly independent, and for 
each t G exf^iV) there exist (^) real numbers, say tji...jp;fci...fc,, given by 

tj,...j^-M-k, = K^h A ... A CjJ ■ (Cfci A ... A CfcJ (5) 

such that 

^ = ^^^.......;^...^.^^'^-^-'^-''- (6) 

Such tj^,,,j^-ki...kq will be called the ji . . . jp] ki . . . kq-th covariant components 
of t with respect to the {p,q)- extensor basis {£j''i--Jp''^'i - '=9}. 

Of course, there are still other kinds of {p, g)-extensor bases for exf^iV) 
besides the one given by Eq.(0]) which can be constructed from the vector 
bases {cj} and {e-^}. The total number of these different kinds of {p,q)- 
extensor bases for ext1^{V) are 2^"^"^. 

Now, if we take the basis {p, g)-extensors ej^,,,j^-ki...kq and the real numbers 
pi-ipM-kq defined by 

= (cj, A...AejJ-Xefc, A...Aefc,, (7) 
^ii...jp;fci...fc, _ t(e^i A...Ae-''')-(e'=i A...Ae*^^), (8) 

we get an expansion formula for t G exf^piV) analogous to that given by 
Eq.®, i.e., 

^ = ^^^^'^-^'^^'^-'^^......;^...^,- (9) 

Such are called the ji . . . jp] ki . . . kq-th contravariant components 

of t with respect to the {p, q)- extensor basis {sjj^...jp-ki...kq}- 
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2.2 Extensors 



A linear mapping which sends multivectors to muhivectors will be simply 
called an extensor over V. They are the linear operators on /\ V. For the 
space of extensors over V, namely l-ext{/\V; /\V), we will use the short 
notation extiV). By using Eq.Q we get 

dimext(F) = 2"2". (10) 

For instance, we will see that the so-called Hodge star operator is just a 
well-defined extensor over V which can be thought as an exterior direct sum 
of {p, n — p) -extensor over V. The extended (or exterior power) of t G ext\{V) 
is just an extensor over V, i.e., t G extiV). 

There are 2"2" extensors over V, namely e'^'^ , given by^ 

£-^;^(X) = (e-' ■ X)e^ (11) 

which can be used to introduce an extensor bases for ext{V). 

In fact they are linearly independent, and for each t G ext{V) there exist 
2"'2" real numbers, say tj-x, given by 

tj;K = t{ej) ■ ck (12) 

such that 

Such tj-K will be called the J; K-th covariant components of t with respect 
to the extensor bases {e"^'^}. 

We notice that exactly (2"'"'"^ — 1)^ extensor bases for ext{V) can be con- 
structed from the basis vectors {ej} and {e^}- For instance, whenever the 
basis extensors Ej-k and the real numbers t'^'^ defined by 

ej,K{X) = {ej-X)eK, (14) 
= t(e-').e^ (15) 

and K are colective indices. Recall, for example, that: e,/ = 1, ej-^ , A Cj^ , . . .(e"^ = 
1, , e^^ A e^^ , . . .) and J) = 0, 1, 2, ... for J = 0, ji, Jij2, ■ • ■ , where all index ji, j2, • • . 
runs from 1 to n. 
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are used, an expansion formula for t G ext{V) analogous to that given by 
Eq.lfT^ can be obtained, i.e.. 



Such t"^'^ are called the J; iT-th contravariant components of t with respect 
to the extensor bases {sj.^k}- 

2.3 Elementary /c- Extensors 

A multilinear mapping which takes A;-uple of vectors into (/-vectors will be 
called an elementary k- extensor over V of degree q. The space of these ob- 
jects, namely k-ext{y, . . . ,V; /\'^ V), will be denoted by k-exf^iV). It is easy 
to verify (using Eq.©) that 



dimk-exf^lV) = 




It should be noticed that an elementary A;-extensor over V of degree is just 
a covariant k-tensor over V, i.e., k-ext^{V) = Tk{V). It is easily realized that 
l-exfiV) = extliV). 

The elementary /c-extensors of degrees 0, 1, 2, . . . etc. are sometimes said 
to be scalar, vector, bivector, . . . etc. elementary k- extensors. 

The ?T.^(p elementary /^-extensors of degree q belonging to k-ext^iV), 
namely ei^^-'ik-M.-kq ^ given by 

. . . ,ffc) = (fi ■ e^'i) ...{vk- e^^)e^^ A ... A e^' (18) 

define elementary basis vectors, ( i.e., A;-extensor of degree q) for k-exf^iV). 

In fact they are linearly independent, and for all t G k-exf^iV) there are 
n^i^^ real numbers, say tj^^,„ji^.ki...kq, given by 

tn,...,j,-M...kq = t{ej,, CjJ ■ (Cfci A ... A CfcJ (19) 

such that 

Such tji,...jj,;fci...fc, will be called the ji, . . . , j^, ki . . . kg-th covariant compo- 
nents of t with respect to the bases {£ii'---jfc;fci---'c9|_ 
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We notice that exactly 2'^"'"'' elementary fc-extensors of degree q bases for k- 
exf^lV) can be constructed from the vector bases {ej} and {e-']. For instance, 
we may define eji,...js.;fci...fe, (the basis elementary /c-extensor of degree q) and 
the real numbers pi,-Jk-M-kq 

ej,,...,j^-M...k,{vi,...,Vk) = {vi-ej,)...{vk-ejJek,A...Aek^, (21) 
^n,...,j^-M-k, ^ ^(^gii^ ...,e^^)- (e'^i A ... A e'^^). (22) 

Then, we also have other expansion formulas for t G k-exf^lV) besides that 
given by Eq.(j2ni), e.g., 

t = ^ ''^ji,--;jk;ki...kq- (23) 

Such pi^---'^k-M-kg g^j^g called the ji, . . . ,jk', ki . . . kg-th contravariant compo- 
nents of t with respect to the bases {£ji,...,ji,;ki...kq}- 



3 Projectors 

Let /\* V be either any sum of homogeneous subspaces^ of /\V or the trivial 
subspace {0}. Associated to /\^ V, a noticeable extensor from /\V to /\^V, 
namely ( , can defined by 

\^)a'>v-<^ 0, if A*i^ = {o} • ^ ^ 

Such ( ^ l-ext{/\V; /\^V) will be called the V- projector extensor. 

We notice that if A* V is any homogeneous subspace of A K i-e.. A* ^ — 
A^ V^, then the projector extensor is reduced to the so-called p-part operator., 
i-e., = Op- 

We now summarize the fundamental properties for the A* ^-projector 
extensors. 

Let Ai ^ and A2 ^ be two subspaces of A If each of them is either any 
sum of homogeneous subspaces of A ^ or the trivial subspace {0}, then 



^^^MVmv ~ ^^^Mv^My ^^^^ 



^Note that for such a subspace /\* V there are v integers pi, . . . ,Piy (0 < pi < • • • < 
< n) such that A? ^ = A^' ^ + ' ' ' + A''" 
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Let /\* V be either any sum of homogeneous subspaces of /\ F or the 
trivial subspace {0}. Then, it holds 



{X)^.y.Y = X.{Y)^.y.. (27) 

We see that the concept of /\* V^-projector extensor is just a natural 
generalization of the concept of p-part operator. 



4 The Extension Operator 

Let {cj} be any basis for V, and {e^} be its dual basis for V*. As we know, 
{e^} is the unique 1-form basis associated to the vector basis {ej} such that 
e^{ei) = §1. The linear mapping ext\(y) 3 t t& ext(y) such that for any 

n 

X e /\V and X = Xo + ^Xk, then 

k=l 

n 

t_{X) = X, + Y.l^X,{e^\ e^^)t{e,J A ... A t(e,J (28) 

k=l 

will be called the extension operator. We call t the extended of t. It is the 
well-known outermorphism of t in ordinary linear algebra. 

The extension operator is well-defined since it does not depend on the 
choice of {cj}. 

We summarize now the basic properties satisfied by the extension opera- 
tor. 

el The extension operator is grade-preserving, i.e., 

p p 
ifXe/\V, then t{X) e /\V. (29) 

It is an obvious result which follows from Eq. ()28|l . 
e2 For any a eR, v eV and Vi A . . . A Vk e /\'' V, 

t{a) = a, (30) 

t_{v) = t{v), (31) 

t{viA...AVk) = t{vi) A...At{vk). (32) 

Proof 
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The first statement trivially follows from Eq.(|28|). The second ones can 
easily be deduced from Eq.(|28|) by recalling the elementary expansion formula 
for vectors and the linearity of extensors. In order to prove the third state- 
ment we use the formulas : ViA. . .Avk{uj^, ■ ■ ■ ,uj^) = e^'^^^^^''UJ^{vi-^) . . .u''(vif,) 
and Wi^A...AWi^ = ei^,„i^^wi A. . .Awk, where Vi, . . . ,Vk e V, Wi, . . . ,Wk e V 
and LU^, . . . G V* , and the combinatorial formula e*^ "*''eii...j^ = k\. From 
Eg ■ (j28j) by recalling the elementary expansion formula for vectors and the 
linearity of extensors we have that 

t{viA...Avk) = ^ViA...AVk{e^\...,e^'')t{ejjA...At{ejJ 

= . ..e^'^ivMen) A ... A t(e,J 

= -^e^^-^'=tK)A...AtK), 
= t{vi) A...At{vk)M 

e3 For any X,Y E /\V, 

t{X AY) =t{X) At{Y). (33) 

Eg .(1331) an immediate result which follows from Eg.()32|). 

We emphasize that the three fundamental properties as given by Eg.()3U|). 
Eg. and Eg. together are completely eguivalent to the extension pro- 
cedure as defined by Eg.(j2HI). 

We present next some important properties for the extension operator. 

e4 Let us take s,t E ext\(y). Then, the following result holds 

got = sot. (34) 

Proof 

It is enough to present the proofs for scalars and simple fc-vectors. 
For a G M, by using Eg. ljHnjl we get 

s o t (a) = a = s{a) = s(t(a)) = so t{a). 

For a simple fc- vector vi A . . . A Vk E /\'' V, hy using Eg. (jH^ we get 



s_ot^{vi A . . . AVk) = so t{vi) A . 

= s(t(i;i)A.. 
= so t{vi A . . 



..Aso t{vk) = s{t{vi)) A ... A s{t{vk)) 
.At{vk)) = s{t{viA...AVk)), 
■ AVk). 
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Next, we can easily generalize to multivectors due to the linearity of 
extensors. It yields 

s o t(X) = sot{X).m 

e5 Let us take t G ext\(y) with inverse t^^ E ext\{V), i.e., o t = 
t o = iy. Then, G extiV) is the inverse of t G extiV), i.e., 

it)-' = (£^. (35) 
Indeed, by using Eq.(j2D) and the obvious property iy = '^/\y, we have that 

ot = tor^ = iv ^ {r^) ot = to (t^^) = y, 

which means that the inverse of the extended of t equals the extended of the 
inverse of t. 

In accordance with the above corollary we use in what follows a more 
simple notation ir^ to denote both (t)^^ and 

Let {cj} be any basis for V, and {e^} its euclidean reciprocal basis for V, 
i.e., Cj ■e'' = S^. There are two interesting and useful formulas for calculating 
the extended of t G ext\(y), i.e., 

n 

t_{X) = l-X + ^-(e^-^A...Ae^'=)-Xt(e,jA...At(e,J (36) 

k=l 

= 1 ■ ^ + T.h^^'n A • • • A ej ■ Xt{e^^) A ... A t{e^^). (37) 

k=l 

5 Adjoint Operator 

5.1 Standard Adjoint Operator 

Let /\l V and V be two subspaces of /\V such that each of them is any 
sum of homogeneous subspaces of /\V. Let {ej} and {e-^} be two euclidean 
reciprocal bases to each other for V, i.e., ej ■ = 5^. 

We call standard adjoint operator of t the linear mapping l-ext{/\l V; /\l V) 3 
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t^t^ e l-ext{/\l V; At V) such that for any y G A2 ^ : 

n 

tHY) = t((l);\oJ-y + ^-t((e^-^A...e^'=>^.^)-ye,,A...e,, (38) 

k=l 
n 

fc=i 

Using a more compact notation by employing the collective index J we can 
write 

HY) = j:^ti{e^)^.y)-Yej (40) 

= E;;(^^((^^)At^)-^^'' (41) 

We call the standard adjoint of t. It should be noticed the use of the 
Ai l^-projector extensor. 

The standard adjoint operator is well-defined since the sums appearing 
in each one of the above places do not depend on the choice of {cj}. 

Let us take X E /\^V and y G A2 ^- ^ straightforward calculation yields 

= ^(E^((^-^)^OAt.)-^ 

= t{{X)^.y).Y, 

i.e., 

X ■ t\Y) = t{X) ■ Y. (42) 

It is a generalization of the well-known property which holds for linear oper- 
ators. 

Let us take t G l-ext{/\lV] /\lV) and u G l-ext{/\lV] /\lV). We can 
note that note l-ext{/\l V; A3 V) and t^ o e l-ext{/\l V; Ai V). Then, 
let us take X G Ai ^ ^ ^ A3 t)y using Eq.(jl21) we have that 

X -{uo t)\Z) = {uot){X) ■ Z = t{X) ■ u\Z) = X-{t^ o u^){Z). 
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Hence, we get 

{uoty = t^ouK (43) 

Let us take t G l-ext(A* V; A"" V) with inverse t'^ G l-ext(A* V'; A* 
i.e., ot = to = if^'>v, where «/\»y G l-ext{f\^ V; /\^ V) is the so- 
called identity function for A* V. By using Eq. and the obvious property 



we have that 



ot = tor^ = i^oy ^ tt o (t-i)t = (t-i)t o tt = ^^^^^ 

hence, 



in-' = (44) 

i.e., the inverse of the adjoint of t equals the adjoint of the inverse of t. 
In accordance with the above corollary it is possible to use a more simple 
symbol, say t*, to denote both of {t^)~^ and (t^^Y ■ 

Let us take t G ext\{V). We note that t G ext{V) and (f^) G ext{V). A 
straightforward calculation by using Eqs.(|nU|) and ^7\i yields 

n 

fe=i 



1 -F 

, 1 



fc=i 



■k\ 

k=l 



n 

= ■ Y + 5^^t(ep, A . . . e,J ■ Ye^^ ^...e^- 

k=l 

= (tyiY). 
Hence, we get 

(tt) = (t)t. (45) 

This means that the extension operator commutes with the adjoint operator. 
In accordance with the above property we may use a more simple notation 
t} to denote without ambiguities both (f^) and (t)^ 
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5.2 Metric Adjoint Operator 



As we know jH] whenever V is endowed with another metric G (besides Ge) 
there exists an unique (1, l)-extensor g such that the G-scalar product of 
X,Y & /\V, namely X ■ Y, is given by 

9 

X-Y = g{X) ■ Y. (46) 

9 — 

Such g G ext\{y) is symmetric and non-degenerate, and has signature (p, g), 
i.e., g = g\ det[g\ ^ 0, g has p positive and q negative {p+q = n) eigenvalues. 
It is called the metric extensor for G. 

To each t G l-ext( Ai V; f\l V) we can assign ttCa) e l-ext{/\l V; Ai V) 
defined as follows 

tt{9) = g-^ ot^ og. (47) 

It will be called the metric adjoint of t. 

As we can easily see, is the unique extensor from A2 ^ to Ai ^ which 
satisfies the fundamental property 

X ■ t^^3\Y) = t{X) ■ Y, (48) 
9 9 

for all X e Ai ^ and y G A2 ^• 

The noticeable property given by Eq.fPHj) is the metric version of the 
fundamental property given by Eq.(|I^. 

6 The Generalization Operator 

6.1 Standard Generalization Operator 

Let {cfc} be any basis for V, and {e'^} be its euclidean reciprocal basis for V, 
as we know, Ck ■ = 

The linear mapping ext\{y) 3 t \—>- t ^ ext{V) such that for any X E /\V 

tjX) = t{e') A (e^jX) = t{ek) A (e^X) (49) 

will be called the generalization operator. We call t the generalized of t. 

The generalization operator is well-defined since it does not depend on 
the choice of {cfc}. 
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We present now some important properties which are satisfied by the 
generahzation operator. 

gl The generahzation operator is grade-preserving, i.e., 

k k 

if X G /\ then t{X)e f\ V. (50) 

g2 The grade involution^ G extiV), reversion~G extiV), and conjugation 
- G ext{y) commute with the generahzation operator, i.e., 

t{X) = tpT), (51) 
t{X) = tiX), (52) 



t{X) = t{X). (53) 

They are immediate consequences of the grade-preserving property. 
g3 For any a eR, v eV and X,Y e /\V it holds 

t{a) = 0, (54) 
tjv) = t{v), (55) 
t{X AY) = t{X) AY + X At{Y). (56) 

The proof of Eq.()54|) and Eq.()55p are left to the reader. Hint: vja = 
and v^w = v ■ w. Now, the identities: a^{X A y) = (ajX) AY + X A (a_iF) 
and a A X = X A a, with a E V and X,Y G /\V, ahow us to prove the 
property given by Eq. (j^ . 

We can prove that the basic properties given by Eq. (j3^ . Eq. (j33|) and 
Eq. fl56p together are completely equivalent to the generalization procedure as 
defined by Eq.^. 

g4 The generalization operator commutes with the adjoint operator, i.e., 

(ty = {ty (57) 

or put it on another way, the adjoint of the generalized of t is just the 
generalized of the adjoint of t. 
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Proof 

A straightforward calculation by using Eq. (j42j) and the multivector iden- 
tities: X -{aAY) = (a jX) AY and X ■ [a^Y) = {aAX)-Y, with a G F and 
X,Y e /\V, gives 

(t)t(x)-y = x-tjY) 

= {ej A (t(e^)jX)) • Y = {ej A {t{e^) ■ e^^e^jX)) ■ Y 
= {e^ ■ ft(e'=)e, A (e^jX)) • Y = (tt(e'=) A (e^jX)) ■ Y 
= it^)iX)-Y 

Hence, by the non-degeneracy property of the euclidean scalar product, the 
required result follows. ■ 

In agreement with the above property we use in what follows a more 
simple symbol, to denote both (t)^ or (t^). 

g5 The symmetric (skew-symmetric) part of the generalized of t is just 
the generalized of the symmetric (skew-symmetric) part of t, i.e., 

(t)± = (t±). (58) 

This property follows immediately from Eq. ()57p . 

We see also that it is possible to use a more simple notation, t to denote 

{t)± or (f±). 

g6 The skew-symmetric part of the generalized of t can be factorized by 
the noticeable formula'^ 

t (X) = hiv[t] X X, (59) 

where biv[t] = t{e^) A is a characteristic invariant of t, called the bivector 
oft. 

Proof 

By using Eq. ()58|l . the well-known identity t_(a) = x a and the 

multivector identity BxX = {Bxe'')A (e^ jX) , with B e /\^ V and X e /\V, 
we have that 

t (X) = t_{e^) A (e^jX) = ihiv[t] x e^) A (e^jX) = hiv[t] x X.B 
^Recall that X xY = \{XY - YX). 
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g7 A noticeable formula holds for the skew-symmetric part of the gener- 
alized of t. For all X, y e A ^ 

t {X*Y) = t {X)*Y + X*t (Y), (60) 

where * is any product either (A), (■), (j, l) or {Clifford product). 

In order to prove this property we must use Eg . (1591) and the multivector 
identity B x {X * Y) = {B x X) * Y + X * {B x Y), with B e /\^V and 
X,Y & /\V. By taking into account Eq. ljMj) we can see that the following 
property for the euclidean scalar product of multivectors holds 

t {X)-Y + X -t (F) =0. (61) 

It is consistent with the well-known property: the adjoint of a skew-symmetric 
extensor equals minus the extensor! 



7 Determinant 

Let t be any (1, l)-extensor. We define the determinant^ of t as the unique 
real number, denoted by det[t], such that for all non-zero pseudoscalar / 

t{I) = det[t]I. (62) 

It is a well-defined scalar invariant since it does not depend on the choice 
of J. 

We present now some of the most important properties satisfied by the 
determinant. 

dl Let t and u be two (1, l)-extensors. It holds 

det[uot] = det[u]det[t]. (63) 

Proof 

Take a non-zero pseudoscalar I G /\" V. By using Eq. (jMj) and Eq. (jU^ we 
can write that 

det[uot]I = UP t il) =uot(I) = u(t(I)) 

= u{det[t]I) = det [%(/), 

= det[t]det[u]I.m 

^The concept of determinant of a (1, l)-extensor is related, but distinct from the well 
known determinant of a square matrix. For details the reader is invited to consult 
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d2 Let us take t G ext\{V) with inverse t ^ G ext\{V). It holds 



det[t-^] = (det[t])-^ (64) 

Indeed, by using Eq. (jUHjl and the obvious property detfiy] = 1, we have 
that 

t-^ ot = tor^ = iv ^ det[t-^] det[t] = det[t] det[t"^] = 1, 



which means that the determinant of the inverse equals the inverse of the 
determinant. 

Due to the above corollary it is often convenient to use the short notation 
det"^ [t] for both det[r^] and (det[t])-^ 
d3 Let us take t G ext\{V). It holds 

det[t^] = det[t]. (65) 

Indeed, take a non-zero / G A" ^- Then, by using Eq.(|U^ and Eq. p^ we 
have that 

det[t^]I ■ I = t^I) ■1 = 1- t{I) = I ■ det[t]I = det[t]J • /, 

whence, the expected result follows. 

Let {cj} be any basis for V, and {e-'} be its euclidean reciprocal basis 
for V, i.e., ej ■ = 5^. There are two interesting and useful formulas for 
calculating det[f], i.e., 

det[t] = t(ei A... Ae„)-(e^ A...Ae"), (66) 
= t(e^ A...Ae'')-(eiA...Ae„). (67) 

They follow from Eq. ljH^ by using (ei A . . . A e„) ■ (e^ A . . . A e"') = 1 which 
is an immediate consequence of the formula for the euclidean scalar product 
of simple A;-vectors and the reciprocity property of {ck} and {e^}. 

Each of Eq. (jUB|) and Eq.(jnZ|) is completely equivalent to the definition of 
determinant given by Eq. ()62j) . 

We will end this section presenting an useful formula for the inversion of 
a non-singular (1, l)-extensor. 

Let us take t G ext\(y). If t is non-singular, i.e., det[t] ^ 0, then there 
exists its inverse t~^ G ext\{V) which is given by 

t~\v) = det-^[t]t^{vI)I-\ (68) 
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where / G /\^ V is any non-zero pseudoscalar. 
Proof 

We must prove that t^^ given by the formula above satisfies both of 
conditions ot = iy and t o = iy. 

Let / G /\" y be a non-zero pseudoscalar. Take f G y, by using the 
extensor identities^ t}{t{v)I)I^^ = t{f}{vl)l^^) = det[t]v, we have that 

t-^ot{v) = t-\t{v)) = det"^ [t]t^{t{v)I)I-^ = det-^ [t]det[f]t; = tv{v). 

And 

tot-\v) =t{t-\v)) = det~^ [t]t{t\vl)r^) = det'^lt] det[t]v = iv{v).m 

8 Hodge Extensor 

8.1 Standard Hodge Extensor 

Let {cj} and {e-^} be two euclidean reciprocal bases to each other for V, i.e., 
Cj ■ = 6'^. Associated to them we define a non-zero pseudoscalar 

r = ■ CaC^, (69) 

where eA = ei A . . . A e„ G A" and = A . . . A e" G A" "^^ Note that 
Ca ■ Ca > 0, since an euclidean scalar product is positive definite. Such r will 
be called a standard volume pseudoscalar for V. 

The standard volume pseudoscalar has the fundamental property 

T ■ T = T_ir = TT = 1, (70) 

which follows from the obvious result eA ■ = 1. 

From Eq. (j7(J|) . we can easily get an expansion formula for pseudoscalars 
of A"^, i.e., 

/ = (/ ■ r)r. (71) 
The extensor ★ G ext{V) which is defined by : A ^ ""^ A ^ such that 

i<X = Xjt = Xt, (72) 

^These extensor identities follow directly from the fundamental identity Xjt(Y) = 
t{t^X)_iY) with X,Y e /\V. For the first one: take X ^ Y = I and use (i'f)t = t, 
ea. (|62|l and det[ft] = det[i]. For the second one: take X — vl, Y = I^^ and use ea. l|62|l . 
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will be called a standard Hodge extensor on V. 
It should be noticed that 

p n—p 

liXe l\V, then i.X e /\V. (73) 

That means that * can be also defined as a. {p,n — p)-extensor over V. 

The extensor over V, namely -k'^, which is given by • A ^ ""^ A ^ 
such that ^ ^ 

*'^X = tlX = tX (74) 

is the inverse extensor of -k. 

Let us take X e /\V. By Eg. (1701). we have indeed that o -kX = 
ttX = X, and -k o -k^^X = Xtt = X, i.e., -k'^ o * = ★ o ik^^ = i/yy, where 
«/\ y € ext(y) is the so-called identity function for A ^• 

Let us take X,Y E /\V. By using the multivector identity (XA) ■ Y = 
X ■ (YA) and Eq.^ we get 

(*X) • (*F) =X -Y. (75) 

That means that the standard Hodge extensor preserves the euclidean scalar 
product. 

Let us take X,Y E A^ By using Eq. (j7H) together with the multivector 
identity {X AY) ■ Z = Y ■ (XjZ), and Eq.jZg) we get 

X A i^Y) = {X ■ Y)t. (76) 

This noticeable identity is completely equivalent to the definition of the stan- 
dard Hodge extensor given by Eq.()72j). 

Let us take X G A^ ^ ^ ^ A"~^ ^- By using the multivector identity 
(XjF) ■ Z = y ■ (X a Z) and Eq.CnD we get 

{-kX) ■Yt = X AY. (77) 



8.2 Metric Hodge Extensor 

Let 5f be a metric extensor on V with signature {p,q), i.e., g e ext\{y) such 
that g = g^ and det[5f] 7^ 0, and it has p positive and q negative eigenvalues. 
Associated to {cj} and {e-^} we can define another non-zero pseudoscalar 



= V|detM|r. (78) 



r 
9 



Ca ■ e' 
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It will be called a metric volume pseudoscalar for V. It has the fundamental 
property 

r . r = T jT = T T = {-ly. (79) 

9 9 9g~^9 gg-^g 

Eq. ()79p follows from Eq. ()70|) by taking into account the definition of deter- 
minant of a (1, l)-extensor, and recalling that sgn{det[g]) = (—1)''. 

An expansion formula for pseudoscalars of /\" V can be also obtained 
from Eq. (f7^ . i.e., 

I=i-mi ■ j)r. (80) 

g-^ g g 

The extensor ★ G ext{V) which is defined hj -k : /\V ^ /\V such that 
g g 

irX = X jT = X T (81) 

9 g-^9 g-^9 

will be called a metric Hodge extensor on V. It should be noticed that in 
general we need to use of both the g and g~^ metric Clifford algebras. 
We see that 

p n—p 

liXe l\V, then X e f\V. (82) 

It means that -k G extiV) can also be defined as :*r G ext"~^(V). 

9 g 

The extensor over V, namely which is given by : l\V ^ /\V 

g g 

such that 

k-^X = (-l)V L X = (-l)V X (83) 

9 9g-^ gg-^ 

is the inverse extensor of -k. 

g 

Let us take X E /\V. By using Eq.(f7^. we have indeed that o -kX = 

g g 

(-l)'?r T X = X, and i<oi,-^X = {-lyx t r = X, i.e., o ^ = 

9g'^9g-^ g g g~^9g-^g g 

kOk^'^ = if^v 

9 9 ^ 

Take X,Y e f\V. The identity {X A) ■ Y = X ■ {Y A) and Eq.jZHI) 

g ^ g ^ g ^ g ^ 

yield 

(kX) . ikY) = {-irX . Y. (84) 

9 g-^ 9 g-^ 

Take X, y G A" V- Eq-dHOI), the identity {X ^Y) ■ Z = Y ■ {X j Z) 

g~^ g~^ 

and Eq.(jHH) allow us to obtain 

X A (^y) = (X ■ Y)t. (85) 

g g-^ 9 
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This remarkable property is completely equivalent to the definition of the 
metric Hodge extensor given by Eq.(|81|). 

Take X G A" and y G A""" The use of identity {X jY) ■ Z = 

Y ■ {X ^Z) and Eq-dHO)) yield 
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■ Yt = i-iyx A Y. (86) 
9 9 

It might as well be asked what is the relationship between the standard 
and metric Hodge extensors as defined above by Eq. ()72|) and Eq.(jH^. 

Take X E /\V. By using Eq. ()78|) . the multivector identity for an invertible 
(1, l)-extensor t~^{X)_iY = t} {X _it* {Y)) , and the definition of determinant 
of a (1, l)-extensor we have that 

^X = g-\X)^./\d^\r=y^\d^\g{X^g-\T)) 

9 — — - 



det[^] - V|det[c/]| " 



I.e., 



9 v^|det[^]|- 

Eq.(jHZj) is then the formula which relates the metric Hodge extensor * with 

9 

the standard Hodge extensor :*r. 

We know ,6j that for any metric extensor g G ext\{V) there exists a 
non-singular (1, l)-extensor h G ext\{V) such that 

g = h) OTjoh, (88) 

where t] G ext\{y) is an orthogonal metric extensor with the same signature 
as g. Such h is called a gauge extensor for g. 

We can also get a noticeable formula which relates the ^f-metric Hodge 
extensor with the r^-metric Hodge extensor. 

As we know, the g and g~^ contracted products j and j are related 

9 g-^ 

to the T^-contracted product j (recall that rj = f]^^) by the following golden 

n 

formulas 

h{XjY) = h{X)jh{Y), (89) 

9 V 

h*{X J y) = h*{X)^h*{Y). (90) 
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Now, take X e f\V. By using Eq.dnOI), Eq.(|7HD, the definition of deter- 
minant of a (1, l)-extensor, Eq.(|88|) and the obvious equation r = r we have 

that 

★X = h\h*{X)^h*{T)) = ^\d^g\\h\h*{X)jdei[K*]r) 

9 V 9 V 

= \det[h]\det[h*]h\^{X) J r) = sgn{det[h])h^ o o h*{X), 

i.e., 

= sgn{det[h])h^ o o h* . (91) 

9 V 

This formula which relates the ^'-metric Hodge extensor -k with the r^-metric 

9 

Hodge extensor -k will play an important role in the applications we have in 
mind. 



9 Conclusions 

In this third paper in a series of eight we recalled some basic notions of the 
theory of extensors. Together with 012] it completes the algebraic part of our 
enterprise. The /c-extensors and {p, g)-extensors are introduced in Section 2 
and projector operators are studied in Section 3 . The extension operator (or 
exterior power operator) of a given linear operator t (i.e., a (1, l)-extensor) 
on a real vector space V has been studied in details in Section 4. In Section 

5 the standard and metric adjoint operators have been given and Section 

6 has been dedicated to the generalization operator of t and its properties. 
Such generalization operator plays an important role in our formulation of 
the differential geometry of arbitrary (smooth) manifolds which is presented 
in sequel papers of this series. Section 8 showed some applications of the 
concept of extensors. In particular, the standard and metric Hodge opera- 
tors are introduced and the non trivial relation between them is disclosed 
(Eq. ljHTj) ). A formula (Eq. ()9Hl ) relating metric Hodge operators correspond- 
ing to deformed metric structures is also derived. These formulas, every 
student of General Relativity and modern geometric theories of Physics will 
regonize as very useful ones, forthey simplify many involved calculations (see, 
e.g., [71 IHl 13 in I21)- To end, we recall that the theory of extensors is a part 
of a more genral theory of multivector functions and functionals, which are 
prsented in |31 Ej 
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